We use the Equation of State (EoS) approach to study the evolution of the dark sector in Horndeski models, the most general scalar-tensor theories with second order equations of motion. By including the effects of the dark sector into our code EoS_class, we demonstrate the numerical stability of the formalism and excellent agreement with results from other publicly available codes for a range of parameters describing the evolution of the function characterising the perturbations for Horndeski models, α x , with x = {K, B, M, T}. After demonstrating that on sub-horizon scales (k 10 −3 Mpc −1 at z = 0) velocity perturbations in both the matter and the dark sector are typically subdominant with respect to density perturbations in the equation of state for perturbations, we find an attractor solution for the dark sector gauge-invariant density perturbation ∆ ds . Using this result, we provide simplified expressions for the equation-of-state functions: the dark sector entropy perturbations w ds Γ ds and anisotropic stress w ds Π ds . From this we derive a growth factor-like equation for both matter and dark sector and are able to capture the relevant physics for several observables with great accuracy. We finally present new analytical expressions for the well-known modified gravity phenomenological functions µ, η and Σ for a generic Horndeski model as functions of α x . We show that on small scales they reproduce expressions presented in previous works, but on large scales, we find differences with respect to other works.
Introduction
There is a solid amount of observational data suggesting that our Universe is currently undergoing accelerated expansion. All current data, ranging from the Cosmic Microwave Background (CMB) radiation [1-3], Type Ia supernovae [4] [5] [6] and Large Scale Structure (LSS) [7] [8] [9] [10] can be well described within the standard cosmological model, known as ΛCDM, where the cosmological constant Λ is responsible for the accelerated expansion and the cold dark matter (CDM) component determines the evolution of cosmic structures. While the former contributes to about 68% of the present cosmic energy budget and the latter to about 28%, the remaining 4% is ordinary baryonic matter with small but non-negligible contributions from radiation and relativistic species, e.g. neutrinos [1] . In this context, the cosmological constant is generally interpreted as the energy of the vacuum and gravitational laws are those of General Relativity, assumed to be valid on all scales.
Despite the very good agreement between theoretical predictions and observational results, the cosmological constant is far from being a satisfactory explanation, especially when interpreted in the context of quantum field theory [11] . This has opened the door to an intensive theoretical effort to explore different explanations for the accelerated expansion and to investigate dark energy and modified gravity models [12] [13] [14] [15] [16] [17] , in particular scalar-tensor theories.
The most general scalar-tensor model with second order equations of motion is described by the Horndeski Lagrangian [18] [19] [20] . Most dark energy and modified gravity models (quintessence [21] [22] [23] , k-essence [24, 25] , KGB [26] [27] [28] [29] , f (R) [30] [31] [32] , Brans-Dicke [33] , Galileon cosmology [34] [35] [36] , Gauss-Bonnet models [37] ) are subclasses of the Horndeski Lagrangian. In this work we study the Horndeski Lagrangian and analyse specific subclasses.
Understanding the evolution of cosmological perturbations and their effects on observables such as the CMB and the matter power spectrum is important to fully characterise cosmological models. To do so, one relies on Einstein-Boltzmann codes which solve the linearised Einstein and Boltzmann equations on an expanding background. These codes have usually been designed to study perturbations in a standard ΛCDM model, for instance CMBFAST [38] , DASh [39] , CMBEASY [40] , CAMB [41] and CLASS [42, 43] .
Recently, the CAMB and CLASS codes have been extended to include models beyond the ΛCDM paradigm with EFTCAMB [44, 45] , hi_class [46] and our previous code CLASS_EOS_FR [47] , respectively, for example. Two independent implementations, COOP [48] , and a recent extension of hi_class [49] , allow to even study models beyond Horndeski. All these codes are based on the Effective Field Theory (EFT) formalism in its different flavours [50] [51] [52] [53] and their predictions were recently shown to agree at the sub-percent level [54] . EFCLASS [55, 56] implements an effective fluid approach for f (R) models in the subhorizon approximation and for designing Horndeski. Here we extend our previous code and implement the full Horndeski dynamics into CLASS, using the Equation of State (EoS) approach [57] [58] [59] [60] [61] [62] . 1 The EoS approach is a powerful formalism based on the identification of all modifications to General Relativity with an effective fluid described by a non-trivial stress-energy tensor U µν . At background order this is completely specified by the choice of an equations of state P ds = w ds ρ ds , where ds denotes the dark sector (the scalar field and its effective fluid representation), while at linear perturbation order two new (perturbed) gauge-invariant equations of state are introduced, the entropy perturbations w ds Γ ds and the anisotropic stress w ds Π ds . In this approach one studies the evolution of the density (∆ ds ) and velocity (Θ ds ) perturbations of the dark fluid and by knowing these quantities it is possible, as we will show later, to describe and compute the phenomenology of the model under consideration in a relatively simple way.
The paper is organised as follows. In Sect. 2 we briefly discuss the background and perturbation dynamics of the Horndeski models and introduce the particular subclasses analysed in this work. In Sect. 3 we review the theoretical foundations of the EoS formalism and describe our numerical implementation into our code EoS_class. In Sect. 4 we validate our code with results from hi_class, similarly to what was done in [54] . In Sect. 5 we present our numerical results on the evolution of the dark sector and of the phenomenological functions parameterizing modified gravity models. Using the fundamental equations of the EoS formalism and following the discussion in [47] , we prove the existence of an attractor solution whose validity is established by comparing it with the numerical results of the code, under the assumption that velocity perturbations in the EoS are subdominant with respect to density perturbations. These considerations allow us to reproduce and extend analytical results available in the literature and provide expressions describing the phenomenology of modified gravity models. In Sect. 6 we study the phenomenology of modified gravity models. We conclude in Sect. 7 .
In Appendix A we present the background expressions of the full Horndeski models, while in Appendix B we show the expressions for the four functions α x , x = {K, B, M, T}, modelling linear perturbations according to the EFT formalism. In Appendix C we present the full expression of the EoS coefficients. Finally, in Appendix D we report the precision parameters used for the numerical comparisons, similar to those in Appendix C of [54] .
In the following we use natural units with c = = 1 and a metric with positive signature. We choose the same fiducial cosmology as in the hi_class paper [46] : the CMB temperature T CMB = 2.725K, the dimensionless Hubble parameter h = 0.675, flat spatial geometry Ω k = 0, baryon density parameter today ω b = Ω b h 2 = 0.022, cold dark matter density parameter today ω CDM = Ω CDM h 2 = 0.12, effective number of neutrino species N eff = 3.046, dark sector density parameter today, as inferred by the closure relation ( i Ω i = 1), Ω ds = 0.688. For all the models, the normalisation of the amplitude of perturbations is A s = 2.215 × 10 −9 , the slope of the primordial power spectrum is n s = 0.962 and the reionization redshift is z reio = 11.36. The background equation of state for the dark sector is w ds = −1 and it is kept fixed in the numerical analysis.
Horndeski gravity models 2.1 Background
Horndeski models [18] [19] [20] represent the most general Lagrangian for scalar-tensor theories leading to second order equations of motion in space and time. Their Lagrangian is given by the sum of the four following Lagrangians which encode the dynamics of the scalar field in the Jordan frame with metric g µν [53] :
2)
3) 4) where φ and X = g µν ∇ µ φ∇ ν φ are the scalar field and its canonical kinetic term, respectively, R is the Ricci scalar and G µν the Einstein tensor. The subscript X denotes the derivative with respect to the canonical kinetic term X, i.e. G i,X ≡ ∂G i /∂X. We also have the following short-hand for compactness:
The functions G i are arbitrary functions of both φ and X and it is thanks to this freedom that Horndeski models enjoy a rich phenomenology. General Relativity plus the cosmological constant is recovered when G 2 = −M 2 pl Λ, G 4 = M 2 pl /2 and G 3 = G 5 = 0, with M pl = 1/ √ 8πG the reduced Planck mass. Other models, such as quintessence [63] , k-essence [24, 64] , kinetic gravity braiding (KGB) [26, 27] , Brans-Dicke [33] , covariant Galileons [35, 36] , f (R) [65] and f (G) [37] can be recovered by a suitable choice of the free functions, see for example Table 1 of [52] .
Let us now consider the total action of the system, including the matter sector described by the action S m , 5) where g is the determinant of the metric and the scalar field Lagrangian L is L = 5 i=2 L i , where the functions L i are defined in Eqs. (2.1)-(2.4). By matter sector, we mean all the species other than the scalar field, i.e. CDM, baryons, photons and neutrinos. By dark sector we mean the scalar field and its effective fluid representation.
By varying Eqn. (2.5) with respect to the metric and the scalar field, we obtain the field equations and the equation of motion of the scalar field, respectively. In a compact way, the gravitational-and scalar-field equations read 6) respectively, where i = 1 is not written because it corresponds to a simple cosmological constant and is included in the i = 2 term in this formalism. In the previous expression, T m µν represents the stress-energy tensor for the matter components. Since the precise expressions for G i µν , J i µ and P i φ are rather cumbersome, we do not report them here, but we refer the reader to [20, 66] 2 .
In full generality, the stress-energy tensor for the Horndeski Lagrangian describes an imperfect fluid, whose components are its energy density ρ, pressure P, energy flow q µ and anisotropic stress π µν .
Assuming a flat FLRW metric at the background level, ds 2 = −dt 2 + a 2 (t)dx 2 , the expressions above simplify considerably. Taking into account that the velocity component for the scalar field is defined as u µ = (∇ µ φ)/φ = δ 0 µ to satisfy the metric symmetries, it is easy to find the corresponding expressions for the density ρ ds and the pressure P ds of the dark sector fluid associated to the scalar field [67] [68] [69] . We report the full expressions in Appendix A, Eqs. (A.1) and (A.2), respectively. Then the background quantities satisfy the standard continuity equation:
The equation of motion for the scalar field is now [67, 68] 1 
Effective Field Theory parametrisation of Horndeski models
To study the evolution of the perturbations in dark energy and modified gravity models, several methods have been proposed. Among them, we recall the Effective Field Theory (EFT) approach [50] [51] [52] [53] which will be useful to describe linear perturbations in Horndeski models. The EFT approach identifies a few functions, only depending on time, which are consistent with the background symmetries and which act as multiplying factors to the operators encoding the scale dependence of the system, see e.g. Eqn. (86) in [53] . Since the equations of motion are at most second order, in the Fourier space we expect terms of order k 2 , where k is the wavenumber of a mode. For Horndeski models, it turns out that four time-dependent functions are sufficient to describe the entirety of modifications to perturbations, while the background evolution is fully described by the equation of state P ds = w ds ρ ds . These four functions only depend on background quantities, such as the scalar field φ, the Hubble parameter H, and their respective derivatives. Hence, once the Lagrangian is specified, it is easy to explicitly write down the four time-dependent functions, as well as the Hubble parameter, in terms of the G i functions in Eqs. (2.1)-(2.4). Here we follow [52] and use four functions {α K , α B , α M , α T }. The expressions linking the α x functions, with x = {K, B, M, T}, to the G i functions are shown in Appendix B. Let us now recall the main properties associated with the α x functions.
The kineticity, α K , affects only scalar perturbations and receives contributions from all of the G i functions. It is the only term describing perfect fluid (no energy flow and anisotropic stress) dark energy models. When α K increases, the sound speed in the dark sector fluid decreases and eventually leads to a sound horizon smaller than the cosmological horizon. As a consequence, there is dark energy clustering on scales larger than the sound horizon. For constraints on α K , see [70] [71] [72] .
The braiding, α B , also only affects scalar perturbations and receives contributions from the functions G 3 , G 4 and G 5 in Eqs. (2.2)-(2.4) 3 . The braiding refers to the mixing of the kinetic terms of the scalar field and of the metric as can be appreciated in Eqn. (86) of [53] . It modifies the coupling between matter and curvature, giving rise to an additional fifth force which is usually described as a modification of the effective Newton's constant in the equations of motion of the perturbations [47] .
The rate of running of the Planck mass, α M , affects both the scalar and the tensor perturbations and gets contributions from G 4 and G 5 only. A value different from zero leads to anisotropic stress, ultimately yielding differences between the gravitational potentials φ and ψ.
Finally, the tensor speed excess, α T , represents the deviations of the speed of gravitational waves c T from that of light: c 2 T = 1 + α T . It receives contributions from G 4 and G 5 and leads to anisotropic stress. This quantity was extensively discussed after the detection of the gravitational wave signal GW170817, due to binary neutron star merger. Indeed, the almost simultaneous detection of GW170817 and its electromagnetic counterpart excludes models with α T 0 to high significance [73] [74] [75] , presuming that the Horndeski model applies on all scales. This implies G 5 = 0 and G 4 = G 4 (φ). See [69, 76, 77] for a review of Horndeski models surviving constraints from GW170817 and [78] [79] [80] for earlier works on the implications of a luminal propagation for GW. We note that some models can evade these constraints provided they have a scale-dependent tensor speed excess, or are Lorentz-violating or are non-local [81] .
A generic model might suffer from instabilities leading to exponentially unstable perturbations. Horndeski models can be unstable for several reasons, for example when specifying the α x s arbitrarily without linking them to the actual scalar theory or when a given background equation of state w ds leads to the wrong sign of the kinetic term. This is, for example, the case for f (R) models, where, despite allowing a background with w ds < −1, the corresponding perturbation sector is unstable, as discussed in [47] , where it was shown that a vast sector of f (R) theories with w ds −1 can be ruled out by current cosmological data.
Perturbations can face three specific varieties of instabilities: ghost instabilities arise when the kinetic term is negative; gradient instabilities arise when the sound speed squared is negative, affecting small scale modes most strongly; tachyon instabilities arise when the mass squared is negative.
In Horndeski models, the stability of perturbations requires the following quantities to be positive [52, 53, 82] :
B , which represents the kinetic coefficient and hence the absence of ghosts;
• the sound speed squared of scalar perturbations, c 2 s ;
• the sound speed squared of tensor perturbations, c 2 T ;
• M 2 , which represents the effective Planck mass squared.
These stability conditions are implemented in our code EoS_class as is the case in the hi_class code.
Specific classes of models used as examples in our analysis
In our numerical implementation, we assume an exact ΛCDM background expansion and specific phenomenological parametrisation of the α x functions, with x = {K, B, M, T}. In particular, following the previous literature, we chose α x (a) = α x,0 Ω ds (a), 4 where Ω ds (a) is the dark energy density parameter and α x,0 an arbitrary fixed number. We also introduce the effective Planck mass M 2 , via
For M 2 to be uniquely determined, one needs to specify initial conditions. Here we choose M 2 /M 2 pl = 1 at early times, i.e. a 1. Following [46] , we will also fix α K,0 = 1 as normalisation of the kineticity term.
In contrast to [46] , we do not consider models with α B = α M = 0 and α T 0. Indeed, it is impossible to construct a Lagrangian with α M ≡ 0 and α T 0 because to achieve the first condition, excluding extreme fine-tuning between G 4 and G 5 , one requires M 2 constant, and therefore G 4 and G 5 must be constant, which forces α T = 0, contradicting the original assumption. Further it is also impossible to have a B = 0 and a T 0 because, unless there is a fine-tuning (different from the previous one) between G 3 , G 4 and G 5 , a B ≡ 0 also implies G 4 and G 5 constant and hence a T = 0, again in disagreement with the original assumption. We note that, always under the assumption of a B = 0, G 3 ≡ G 3 (φ), which due to an integration by parts, is equivalent to a k-essence model with
Therefore, we consider the following classes of models:
1. k-essence-like models:
This choice corresponds to Quintessence [21] [22] [23] and k-essence models [24, 25] and in terms of the Horndeski Lagrangian requires
pl /2 and G 3 = G 5 = 0. Expressions for the EoS for perturbations can be found in [58, 61] . The numerical implementation of this class of models has been studied many times before and we will not discuss these models further.
. From the definition of the α x s coefficients in Appendix B in terms of the Horndeski functions G i , again excluding fine-tuning between the Horndeski functions, one requires G 2 = G 2 (φ), G 4 = G 4 (φ) and G 3 = G 5 = 0. This is indeed the case for f (R) gravity models [30] [31] [32] , which represent a particular subclass of these models where
Indeed, one can show [see for example, 32, 84] that f (R) models are equivalent to Brans-Dicke models [33] with the parameter ω BD = 0 and with the identification φ = f R and scalar field potential V(φ) = −G 2 , where R ≡ R(φ). In this paper we do not show numerical results for f (R) gravity, as this was the subject of our previous works [47, 54, 62] . The EoS for f (R) gravity can be found in [47, 62] . We note that unlike hi_class, our code is able to solve the equations of motion in this class of models.
3. KGB-like models:
pl /2 and G 5 = 0 and describe KGB-like gravity [26] [27] [28] [29] . The expressions for the EoS parameters have been evaluated by [59] and we verified that the expressions used here are equivalent to those found there. As we will show later, it is possible to write the EoS in terms of the matter and dark sector fluid variables, while [59] used metric variables. To establish the equivalence of the two expressions, it is useful to consider the gauge-invariant quantities X, Y (introduced in Sect. 5.1) defined as linear combinations of the metric perturbations and their time derivatives. By writing the entropy as perturbations in both the Newtonian and synchronous gauge in terms of the gauge invariant quantities, it is relatively easy to find what conditions the coefficients must obey in order to ensure gauge invariance. This then leads to the equality of the expressions given here with those presented in [59] .
, while α B = 0 implies XG 3,X + G 4,φ = 0. We are then free to write
, with f (φ/M pl ) a dimensionless function of the scalar field φ, leads to
pl , where the prime stands for the derivative with respect to φ/M pl , m is an arbitrary mass scale and g(φ/M pl ) a dimensionless function of φ. These models also have G 2 = G 2 (φ, X).
This represents the most generic Horndeski model compatible with GW constraints. It is obtained by setting
In addition to models already mentioned under classes 1-4, models falling in this category are non-minimally coupled k-essence [85, 86] , MSG/Palatini f (R) models [87, 88] , Galileon cosmology [34] . Note that often for these classes of models, there exists a relation between α B and α M . This is for example the case of the no slip gravity model proposed by [89] which has α B = α M and of the minimally self-accelerating models of [78, 80] designed to break the dark degeneracy 5 . Model 4 is a subclass of model 5, provided that G 3 is suitably chosen to give α B = 0.
. This is the most general Horndeski model allowed by the theory. The free functions are all depending on φ and X. Typical classes of models are given by Galileons [35, 36] and Gauss-Bonnet models [37] . These models are in tension with gravitational waves measurements, but we include them for completeness.
The Equation of State approach and its numerical implementation
We have implemented the EoS approach for the scalar sector in a way similar to the implementation presented in our most recent analyses [47, 90] with some minor differences. For clarity let us recall the main equations and definitions of our new implementation.
We use the density perturbation ∆ and the rescaled velocity perturbation Θ, defined as
In Eqn. (3.1), H is the Hubble parameter, w =P/ρ the background equation of state, δ = δρ/ρ the density perturbation and θ the divergence of the velocity perturbation. Overbarred variables refer to background quantities. We introduce the gauge invariant rescaled velocity perturbation
where T = 0 in the conformal Newtonian gauge (CNG) and T = (h + 6η )/(2K 2 ) in the synchronous gauge (SG), where h and η are the scalar metric perturbations, denotes derivative with respect to ln a and K = k/(aH), with k a wavenumber.
For the equations of motion we use the dimensionfull quantities∆ x ≡ρ x ∆ x andΘ x ≡ρ xΘx . With these gauge-invariant variables, the equations of motion for the dark sector perturbations arẽ ∆ ds + 3∆ ds − 2ρ ds w ds Π ds + g K HΘds = 3(1 + w ds )ρ ds X , (3.3)
where g K ≡ 1 + K 2 /(3 H ), H ≡ −H /H and c 2 a,ds ≡ dP ds /dρ ds is the adiabatic sound speed. The quantity w ds ζ ds is a relevant linear combination of the anisotropic stress and entropy perturbations defined as
The two terms on the right hand side of Eqs. (3.3) and (3.4), X and Y, are also gauge-invariant quantities [47, 62, 91] which read X = η + H T and Y = T + H T in the SG and X = φ + ψ and Y = ψ in the CNG. These equations are equivalent to Eqs. (122) and (123) in [53] . The generic EoS for dark sector perturbations are the following expansions of the gauge invariant entropy perturbations w ds Γ ds and anisotropic stress w ds Π ds :
where the coefficients C XY are, in general, functions of a and the rescaled wavenumber K and the matter fluid quantities are directly evaluated in CLASS via
The matter adiabatic sound speed is defined as 12) with Ω m and w m ≡ w m Ω m /Ω m the matter density parameter and background equation of state, respectively, and where the brackets · · · indicate the sum over all matter components. Our definitions of peculiar velocity θ and anisotropic stress wΠ are different from those used in CLASS, which are defined as in [92] . The following correspondence holds: θ class = k 2 a θ and (ρ + P)σ class = − 2 3 ρwΠ. A specific dark energy or modified gravity model is characterised by its EoS for perturbations and therefore by the functional form of the coefficients C XY in Eqs. (3.6) and (3.7). We have computed these coefficients for the generic Horndeski Lagrangian and for each of the specific models listed in the previous section. Their expressions are reported in Appendix C.
Integrating the equations of motion for the dark sector perturbations requires the update of the total stress-energy tensor which is done as follows in EoS_class: We set the initial conditions at early times, a ini , when the dark sector density is subdominant compared to matter density. The default setting in our numerical implementation is a ini = 10 −4 . We ran several tests and checked that our spectra are unaffected by the exact choice of a ini , as long as ρ ds (a ini )/ρ m (a ini ) 1.
Although to our knowledge this has not been rigorously proven in the generic case, it appears that dark sector perturbations follow attractor solutions. In other words there is no significant sensitivity to initial conditions. So, in principle, one could set ∆ ds (a ini ) = Θ ds (a ini ) = 0 at early times because ∆ ds and Θ ds would anyway rapidly converge to the attractor solution. However, this implies that if we are able to derive an analytical approximation for the attractor solution, setting the initial conditions to the attractor is numerically more stable and efficient.
In [81] we derived the generic form of the attractor solution for ∆ ds using the EoS formalism, under the assumption that w ds is constant and velocity perturbations are subdominant with respect to density perturbations, i.e.Θ ∆.
Here, we improve upon this result and derive the generic form of the attractor solution for ∆ ds just under the assumption of subdominant velocity perturbations. We present this result in Section 5 where we also show that the assumption of subdominant velocity has a wide range of validity, which only ends at the largest cosmological scales (K 1). Hence, we always set ∆ ds (a ini ) to the attractor solution given by Eqn. (5.3).
Regarding the attractor solution of dark sector velocity perturbations, we have been able to obtain an analytical formula that is a good approximation at early times for some but not all the models we studied. We used this formula to set the initial conditions for Θ ds .
Note that attractor solutions to determine the initial conditions for modified gravity models are also used in EFTCAMB for the Stückelberg field representing the perturbations in the dark sector [93] . The main difference between the two approaches is that EFTCAMB assumes that the theory is close to General Relativity at sufficiently early times so that the attractor is only valid for a limited time range, while in our case the attractor is valid even at late time, provided K 1.
Code validation
In this section we compare spectra obtained with our code EoS_class with results from hi_class. We compute the dimensionless CMB angular temperature anisotropy power spectra C TT , the dimensionless angular power spectrum of the lensing potential C φφ and the total linear matter power spec-
We do not report here a similar comparison with EFTCAMB, as a detailed analysis for Horndeski models between these two codes has already been done in [54] . Note that in [54] we had also demonstrated the accuracy of our implementation of the EoS approach for f (R) models compared to EFTCAMB. 
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Model 2 In the right hand panels we show the relative difference ∆C/C, with C = {C TT , C φφ , P(k)} and ∆C ≡ C EoS_class − C hi_class and in the denominator we use C = C EoS_class . In each figure we have chosen a set of five specific values for the α x s, the same values that were used for the hi_class paper in [46] . For all the models we considered, we achieve sub-percent agreement with the hi_class results. Since hi_class does not work for model 2 ( f (R)-like models), we could not compare our results with hi_class for this class of models. Instead, in Fig. 1 , we compare model 2 with model 5 with the same parameters, except α K,0 = 1. Indeed, the only difference between both classes of models is that in model 5 α K 0. In this figure, ∆C = C Model 2 − C Model 5 and in the denominator C = C Model 2 . From this figure, we see that α K plays a role only for the largest cosmological scales with k 10 −2 h/Mpc, or 10. While we get sub-percent agreement with hi_class (< 0.1% in almost all the cases), we note that the largest differences between hi_class and EoS_class arise for the temperature anisotropy power spectrum at 1000. In fact we identified the source of this difference to be associated with the different versions of the CLASS code: hi_class is based on CLASS version 2.4.5, while for EoS_class we used a more recent version (2.6.3) 6 . Hence, we conclude that our implementation reproduces the results of hi_class for models 1 and 3-6 to high precision and appears to also be working for model 2.
Dark sector evolution in Horndeski theories: analytical results
In this section we carry out an analytical analysis of Horndeski theories. In subsection 5.1 we present our analytical approximation for the attractor solution of the dark sector fluid variables. In subsection 5.2 we present new expressions for the standard modified gravity parameters for cosmological perturbations: µ (or G eff ), η and Σ. Finally, in subsection 5.3 we present simplified forms of the EoS for perturbations in Horndeski models.
Analytical approximations for the attractor solution
The existence of an attractor solution for the dark sector variables in modified gravity or dark energy models has been recognised and used in several previous analysis, for instance [47, 93, 94] . Here we derive an analytical approximation for the attractor solution of Horndeski theories. Our derivation relies on a single assumption: that the mode as comoving wavelength is well inside the Hubble horizon, K 2 1. This assumption on the modes wavenumber determines the range of validity of our approximation in terms of scale. In fact, as can be seen in the top panel of Fig. 2 of [47] , the condition K 2 1 translates into k 10 −4 Mpc −1 today or k 10 −3 Mpc −1 at z ≈ 100. This includes the range of wavenumbers of observational interest, so this condition is not restrictive for our purposes.
This assumption also naturally implies that the gauge-invariant velocity perturbationΘ is small compared to the gauge invariant density perturbation ∆ in both the matter and dark sector. To see why this is the case, we write Einstein field equations in terms of the gauge-invariant quantities introduced in [62] 
where Z, Y and X on the left hand side are linear combinations of the metric perturbations and their derivatives with respect to ln a, and the sum over i on the right hand side means matter plus dark sector quantities. The different metric perturbations and their derivatives are generally all of the same order. 6 We thank Emilio Bellini for pointing this out to us. Model 3 
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Comparison for the spectra for model 3 (KGB-like). In the left hand panels we present the spectra obtained with EoS_class and on the right the relative difference with the corresponding spectra obtained with hi_class. Top panels show the angular temperature anisotropy power spectrum, middle panels the angular power spectrum of the lensing potential, while bottom panels present the linear matter power spectrum. The black solid line represents the model with α B,0 = 0, the dashed blue (red dot-dashed) stands for α B,0 = 0.625 (α B,0 = 1.25), the orange dot-dotted-dashed (dotted green) curve is for α B,0 = 1.875 (α B,0 = 2.5), respectively. For all the models, α K,0 = 1.
Thus since K 2 1, we understand from Eqs. (5.1) that the gauge-invariant velocity perturbations are automatically smaller than the gauge-invariant density perturbations by a factor ∼ 1/K 2 .
When we neglect velocity perturbations and take the derivative of Eqn. (3.3) we obtain
where we replacedΘ ds with Eqn. (3.4). Note that in this procedure, one has to initially keep terms proportional to K 2Θ ds since they are of the same order of magnitude as ∆ ds , when taking the derivative of Eqn. (3.3) and before additionally neglecting the contribution of velocity perturbations. 
Model 4 In the left hand panels we present the spectra obtained with EoS_class and on the right the relative difference with the corresponding spectra obtained with hi_class.
Top panels show the angular temperature anisotropy power spectrum, middle panels the angular power spectrum of the lensing potential, while bottom panels present the linear matter power spectrum. The black solid line represents the model with α M,0 = 0, the dashed blue (red dot-dashed) stands for α M,0 = 1 (α M,0 = 2), the orange dot-dotted-dashed (dotted green) curve is for α M,0 = 3 (α M,0 = 4), respectively. For all the models,
The differential equation for the density perturbation ∆ ds (5.2) is similar to a damped harmonic oscillator sourced by matter perturbations. The time dependent frequency is ω 2 = c 2 a,ds + C ζ∆ ds K 2 1 and is, in general, much smaller than the damping time scale represented by the Hubble expansion rate. This implies that the homogeneous solution becomes subdominant very quickly with respect to the particular solution, which, therefore, becomes the attractor of the evolution of the dark sector perturbations.
The analytical approximation for the attractor can be obtained by equating the last term of the Model 5 
Model 5
Model 5 left hand side with the term on the right hand side. This gives
where in accordance to our definition of w ds ζ ds in Eqn. [ℓ(ℓ + 1)]
Model 6 
Model 6 In Fig. 6 we present Ω ds ∆ ds as a function of redshift for four different scales and for models 2-6. We see that the attractor solution is manifestly a very good approximation of the numerical solution for scales k 10 −3 Mpc −1 at z 100. For smaller scales, the attractor solution works well at low redshifts but only approximately for z 1 since the assumption K ∼ 1 is violated. The existence of an attractor and our analytical approximations allow us to derive several analytical results describing the properties of the dark sector, as we show in the next subsection. For a wide range of k, the attractor approximation works well (k 10 −3 Mpc −1 at z 100). Deviations between the numerical and analytical solution arise when K ∼ 1.
New expressions for the Modified Gravity parameters in Horndeski models
A generic modified gravity model can either modify the Poisson equation or yield an anisotropic stress that leads to differences between the gravitational potentials (corresponding to Z and Y in our notation) or both at the same time. Hence, it is useful to recast the Einstein field equations in the following form 
In (5.4c) the function Σ parameterises the departure of the lensing (Weyl) potential Ψ ≡ (Z + Y)/2 from its GR equivalent. It is related to the other functions via
In previous works, Σ has also been called G light [96] . In (5.4d), the function η (dubbed γ in [53, 97] ) is the gravitational slip, not to be confused with the metric variable "η" of the synchronous gauge. It is related to the other functions via
This specific parametrisation of deviations from GR with the functions µ Z , µ Y , η and Σ has been widely used in recent research on dark energy and modified gravity. See for instance [98] for current CMB constraints on these functions. Note that since there are only two metric potentials, only two of these four functions are necessary to characterise a particular model; the most common choices are (µ Y , η) or (µ Y , Σ).
Here we present new analytical expressions for these four functions, based on the analytical approximation of the attractor solution of the previous section. By simply replacing ∆ ds in Eqn. (5.5) by its attractor, see Eqn. (5.3), we get an expression for µ Z . Then we insert this expression into Eqn. (5.6) and write w ds Π ds = C Π∆ ds ∆ ds + Ω m Ω ds C Π∆ m ∆ m where in accordance to our previous discussion we neglect the velocities. Again we replace ∆ ds by its attractor and get the expression for µ Y . Finally, we use these expressions for µ Z and µ Y to write η and Σ. All together, these expressions read 10) and where the functions µ Z,0 , µ Y,0 and Σ 0 represent the values in the limit K → 0 and are given by
The functions γ 1 , γ 2 and γ 7 are given in Appendix C. The functions µ Z,∞ , µ Y,∞ , η ∞ and Σ ∞ represent the corresponding values in the limit K → ∞ and are given by
where α = α K + 6α 2 B . Note that α K does not appear in any of the expressions (5.11). The expressions for µ Y,∞ and η ∞ have already been obtained in previous works using different formulations of the Effective Field Theory formalism. [53] (see Eqs. (139) and (140)) and [99] (see Eqs. (3.18) and (3.19)) used the αs functions introduced in [52] while [50] (see Eq. (70)) provided the expression for µ Y,∞ based on a different set of functions which represent the coefficients of the perturbed operators and are constructed only with background quantities in the case of α T = 0. We refer to Table 2 of [52] for a translation between the perturbed variables α x and those used in [50] .
To our knowledge, a few other works have obtained expressions that attempt model the scale dependence of these functions in Horndeski theories. In [67] (see Eqs. (45) and (52)) the authors considered the equations of motion of the perturbed scalar field and applied the quasi-static approximation (i.e. neglected the time derivatives of the metric potentials and of the perturbed scalar field). Table 1 . Time-evolution of the phenomenological MG functions in the limit K → ∞. For completeness we also consider the no slip model [89] .
The remaining terms were used to rewrite the resulting Poisson equation in terms of an effective gravitational constant µ.
[100] (see Eqs. (4.15) and (4.18)) used a similar approach to [67] by considering only terms with K 2 1 and neglecting time derivatives of the fields. [101] used the quasi-static approximation and arguments of locality and general covariance to provide a general expression for µ Y and η (see Eqs. (24) and (25)). As stated in [101] , these expressions have the same form as those in [67] . See also Eqs. (19) and (20) of [96] . [99] (see Eqs. (3.7) and (3.8)) used a so-called semidynamical approach. To study the evolution of perturbations beyond the quasi-static regime on small scales, these authors introduce terms that take into account corrections from the perturbed velocities and time derivatives of the metric potentials determined at a pivot scale of choice.
The large scale limit of the expressions in [67, [99] [100] [101] differs from each other and ours due to the different assumptions. We will perform a detailed comparison of the different formulae for the modified gravity functions µ and η in a forthcoming paper.
In Table ( 1) we report the limiting values of the MG functions in the limit K → ∞, in ΛCDM and in the six classes of models described in subsection 2.3. We also added a line corresponding to the so-called "no slip" model of [89] . The "no slip" model is a particular class of models that have α M = α B , α K free and α T = 0 (they are actually a subclass of the class of model 5). Hence one finds that γ 7 = 0 in the "no slip" model and, as a consequence, η ∞ = 1 ("no slip") while the other modified gravity functions are equal to 1/M 2 . Moreover in the Table we have added two additional columns corresponding to the functions γ ∞ ≡ 1/η ∞ − 1 and g ∞ ≡
η ∞ +1 which were used in [102] . This latter quantity is very well constrained in the Solar System by the Cassini mission [103] . Their general expressions are:
12a)
Finally we note that we chose to write our formulae for the modified gravity functions, Eqs. (5.9a)-(5.9d) using K 2 * defined in Eqn. (5.10). Phenomenologically, K * represents the transition scale between two regimes, large (K → 0) and small (K → ∞) scales. Indeed with this notation the expres-sions look relatively simple and compact. However it is true that in this form, if, for instance γ 1 or α B are zero, the expressions become ill-defined. In such cases, one can still use our expressions, but need to multiply both the numerator and denominator by K 2 * and potentially α 2 B c 2 s . In this way, the expressions are always well defined.
Simplified EoS for perturbations
In this subsection we are interested in finding simplified expressions for the entropy perturbations and anisotropic stress of the dark sector, as these functions constitute a way of characterising a dark sector theory, independent and complementary to the modified gravity parameters of the previous section.
First we give the simplified expressions for the EoS that we obtained thanks to the attractor solution. Second we go through each class of models of subsection 2.3 and provide formulae for the EoS considering only the leading terms.
As we explained in the previous section for K 2 1, velocity perturbations are subdominant compared to density perturbations. With this assumption, we were able to express the dark sector density perturbation in terms of the matter perturbation, using the attractor solution of Eqn. (5.3). Now we consider the EoS for perturbations for w ds Γ ds , w ds Π ds and w ds ζ ds presented in Eqs. (3.3), (3.4) and (3.5), respectively. In these expressions we neglect the velocity perturbations of both matter and dark sector and use the attractor solution to replace one density perturbation in terms of the other. This gives
We also deduce that
This enables us to define the equation-of-state parameter for perturbations in Horndeski theories, w Γ ≡ w ds Γ ds /∆ ds and w Π ≡ w ds Π ds /∆ ds , and for future numerical implementation, w ζ ≡ 2 3 w Π + w Γ , given by
In a way similar to the new expressions for µ and η one can use these expressions for w Π and w ζ to solve the dynamics of perturbations in Horndeski models, as we will show in our next paper.
In each of the classes of models we can get simplified expressions for w ds Γ ds , w ds Π ds and w ds ζ ds by neglecting the velocities (except model 4). Since in each class of models some αs are zero (except in model 6), the expressions simplify considerably. In model 1 (k-essence), since only α K is different from zero, we obtain without any approximation
where c 2 s and c 2 a,ds are the perturbations and adiabatic sound speed. Note that for a ΛCDM background, w ds Γ ds = ∆ ds .
For model 2 ( f (R)-like), we obtain
2)/α B generalises the mass term for f (R) models, see e.g. [47] . Note that by setting α M = 2α B , c 2 s = 1 andM 2 = 1, one recovers the approximate f (R) expressions already obtained in [47] .
For model 3, as well as models 4, 5 and 6, we further assume that the modes are subhorizon (K 2 1) to derive the simplified EoS for perturbations. For model 3 we obtain
For α B = 0, we recover the expression in Eqn. (5.15).
For model 4, there is a subtlety because C Π∆ = 0, so the leading term in the anisotropic stress are proportional to the velocity perturbations. We obtain
where
Even if c 2 a,m ≈ 0 for matter at late time, we kept this term for symmetry reasons with respect to the coefficient of ∆ ds .
For model 5 we obtain
Note that when α M = 0, we recover model 3, while for α B = α M = 0, we recover model 1. We also note that the term α M /α B = α M,0 /α B,0 becomes time independent for a particular functional form of the α functions, i.e. when they are all proportional to the same time-dependent function. We finally consider model 6 for which none of the αs are zero. Nevertheless the expressions simplify for K 2 1. We obtain (5.21) provide an excellent approximation to the full expressions. When we use the simplified EoS we obtain CMB anisotropy temperature power spectra that agree at the sub-percent level with the exact solutions down to ≈ 10−20. For the linear matter power spectrum we get sub-percent agreement for all scales with k 10 −2 Mpc −1 . We checked this for the numerically most challenging models, i.e. 2 and 4, with extreme values of α x,0 such as α B,0 = 2.5 and α M,0 = 4. We leave a more detailed analysis of the simplified EoS to a forthcoming paper.
Phenomenology of Horndeski theories 6.1 Understanding numerical results for several cosmological observables
Using our novel code EoS_class we have computed the dimensionless CMB angular temperature anisotropy power spectra C TT , the dimensionless angular power spectrum of the lensing potential C φφ and the total linear matter power spectrum P(k) in units (Mpc/h) 3 , for the six classes of models of Section 2.3 and these are presented in the left hand panels of Figs. 1-5 .
Let us first consider the global behaviour of α K across the models studied here. In model 2 ( f (R)-like), α K,0 = 0 while in all the other models α K,0 = 1. More in detail, model 5 differs from model 2 only in terms of α K and we will be comparing these models and study the effect of the kineticity term on the observables. α K does not appear in the expressions for µ and γ in the limit K → ∞, but it is present in the transition scale K * via the function γ 1 . Comparing Fig. 1 with Fig. 4 , one realises that the α K is only important on very large scales ( 20 for the CMB temperature anisotropy and lensing potential power spectra and k 10 −2 hMpc −1 for the matter power spectrum), when analysing the right hand panels in Fig.1 .
The effects of modified gravity, for the particular models considered here, are typically not that visible in the matter power spectrum, they are more relevant in the CMB temperature anisotropy and lensing potential power spectra, therefore we will discuss them more in detail. In the following we will consider separately the effects of varying α B and α M to understand their global behaviour and translate this into the effects of varying µ = µ Y .
The braiding term is responsible for the fifth force and for an enhancement of clustering. Increasing the value of α B,0 leads to an excess of power on small scales for the matter power spectrum and on large scales for the angular power spectrum of the lensing potential. The temperature anisotropy power spectrum is affected on large scales via the Integrated Sachs-Wolfe (ISW) effect, which is usually reduced. An increase in the braiding translates into an increase of the effective gravitational constant µ. Therefore, increasing µ leads to an increase of power in both P(k) and C φφ .
The rate of running of the Planck mass α M introduces anisotropic stress. An increase in α M leads to an excess of power in the CMB temperature power spectrum on large scales (low multipoles) due to the ISW effect and at the same time to a deficit in power in the lensing potential power spectrum. An increase in α M leads to a decrease of µ and η and as a consequence a decrease in Σ and this explains the decrease of power in C φφ .
Model 2 is the class of f (R)-like models and has α B 0 and α M 0, while α K = α T = 0. The condition α B 0 is characteristic of a modified Newton's law or an effective gravitational constant. For model 2, it can be written as
The condition α M 0 implies a non-vanishing slip (anisotropic stress)
Their phenomenology is similar to f (R) models as can be seen comparing the results of the panels of the left column of Fig. 1 with the top panels Fig. 3 of [47] .
In model 3 (KGB-like, α K 0 and α B 0) there is also a modification to Newton's law because the braiding is present (α B 0), but there is no anisotropic stress because α M = α T = 0. One finds
Spectra for model 3 are presented in Fig. 2 for α K,0 = 1 and four non-zero values of α B,0 between 0.625 and 2.5. We see that the large-scale power increases monotonically with α B,0 for all the spectra. When compared to model 2, we see that the effect of the variation of the braiding is stronger for the lensing potential and the temperature anisotropy, but smaller for the linear matter power spectrum. In model 4 (α K 0 and α M 0), although α B = 0, both µ and η are non-trivial. One has
Spectra for model 4 are presented in the left panels of Fig. 3 for α K,0 = 1 and α M,0 = 1 − 4. On large scales, we see that the CMB temperature power spectrum increases with α M,0 , however the lensing potential power spectrum decreases. As explained above, this can be linked to the decrease of the modified gravity parameter Σ at late times, as shown on the bottom panel of Fig. 9 . For model 5, only α T = 0, and therefore neither µ nor η are trivial. However, as before we can still obtain simplified expressions for the MG parameters in the small scale regimes (K 2 1) and neglecting velocity perturbations: 4) with Fig. (5) , where the only difference is α T 0, we see that α T plays a minor role. The only noticeable difference is in the ISW effect for < 5 of the CMB temperature anisotropy power spectrum (upper left panels).
As previously stated, we are aware that models with α T 0 are now excluded by gravitational waves observations [73] [74] [75] . We decided to present these numerical results to show the robustness of our numerical implementation.
The time evolution of the modified gravity parameters
The commonly used modified gravity parameters, µ (or the effective modified gravitational constant G eff ), η (the slip) and Σ (or G light ), as well as the dark sector sound speed c 2 s and the effective Planck massM 2 , are particularly useful to study the phenomenology of perturbations in dark sector theories. These are also the parameters that will be subject to observational constraints by forthcoming largescale-structure and galaxy surveys, e.g. LSST [104], Euclid [105] .
One can understand why these parameters are useful by considering the equation of motion for the gauge invariant matter perturbation. Indeed, following the same procedure as in [47] (see Eqn. (19a)), one can obtain an evolution equation for the matter density perturbations sourced by the dark sector density perturbations (under the assumptions of negligible velocity perturbations that generally corresponds to the small scale regime, K 2 1, and is valid for the modes of observational interest). Then with µ(= µ Y = G eff /G N ) as defined in Eqn. (5.6) one can write:
where in each class of Horndeski models the effective gravitational constant takes the forms presented in the previous section. This equation has been used to study the dark sector phenomenology in a number of works, see e.g. [47] for f (R) gravity and [29, 106, 107] for other classes of Horndeski theories. Here we present the redshift evolution of the modified gravity parameters in Horndeski theories. For simplicity we present the behaviour of these function for sub-horizon modes, K 2 1. In Fig. 7 we present the sound speed of dark sector perturbations as a function of redshift for models 2-6 and for different sets of values for α x,0 . The sound speed is important because it enters both the expressions of G eff and the slip η, see Eqs. (5.11b) and (5.11c). In particular we see that when c 2 s becomes large, G eff and η reduce to their ΛCDM limit and therefore one does not expect a modified gravity behaviour of the matter and metric perturbations. We see in Fig. 7 that the sound speed is typically large at early times. This is because the sound speed c 2 s is proportional to 1/α and α ∝ Ω ds in these models.
We note that for k-essence-like models (Model 1), the sound speed is c 2 s = 3(1 + w ds )/α K which becomes zero for the ΛCDM background that we are assuming. This corresponds to the solid black line on Fig. 7 . In this case, the correct procedure to obtain the modified gravity parameters is to first evaluate their expressions by equating α x = 0 and then by setting c 2 s . Therefore one obtains µ = η = Σ = 1.
In the bottom right panel of Fig. 7 we also show the evolution with respect to redshift of the effective Planck massM 2 . Since α M ≡ d lnM 2 /d ln a,M 2 is larger at late time for larger values of α M,0 .
The effective gravitational constant µ Y affects clustering and peculiar motion of galaxies while Σ affects light geodesics. The first is constrained by galaxy clustering and redshift-space distortions [108] [109] [110] , while the latter by the CMB, weak lensing and galaxy number counts [110, 111] . The parameters µ Y and η correspond to the parameters Q and R introduced in [95] , respectively. We refer the reader to [95] for a comparison of different notations used in the literature.
In Figs. 8-11 we present the evolution of the modified gravity parameters µ Z , µ Y , η and Σ for the models 3-6. For simplicity we will consider only the values for K 2 1 and therefore we will not consider the scale dependence of this functions. Because of this choice, model 2 evolves identically to model 5 and we will not consider it further. We compared the full numerical solution obtained with our code EoS_class with the analytical expectation and found that they agree for k 2 × 10 −3 hMpc −1 . On larger scales, we see a departure of the analytical result from the full numerical solution, as the condition K 2 1 is violated. We will leave a detailed comparison of the analytical expressions with the exact numerical results in a forthcoming paper.
In Fig. 8 we present the time evolution of µ for model 3. In this class of models, the other modified gravity parameters are either trivial or identical to µ. That is because w ds Π ds = 0, i.e. η = 1. We understand that µ increases at late times with increasing α B by looking at Eqn. (6.3) and by comparing with Fig. 2 we see that this increase of µ is associated with an amplification of matter clustering and ISW.
In Fig. 9 we present the time evolution of the modified gravity parameters for model 4 (µ Z , µ, η and Σ), for α K,0 = 1 and different values of α M,0 . The functions µ Z , η and Σ become smaller than one and decrease at late times. The effect is more pronounced for larger values of α M,0 . For µ, the Model 2 Model 5 between 10 and 20% above the corresponding ΛCDM value (µ = 1). This different behaviour can be understood looking at the formula in Table 1 .
Since α T plays a very minor role (at least for the value we considered, see discussion in Sect. 6.1), we discuss models 5 and 6 together. These models are the most general with α K , α B and α M different from zero. The modified gravity functions for models 5 and 6 are shown in Figs. 10 and 11, respectively. We show the modified gravity functions for a different set of values of the αs, with α K,0 = 1 and four different values of α B,0 between 0.625 and 2.5 and four different values of α M,0 between 1 and 4. We see that µ and Σ depart from unity and increase at late times. Meanwhile, µ Z and η decrease in a similar way as model 4. Hence, comparing with model 4, we can say that α M plays a more important role than α B for Σ and µ Z . Moreover, we can say that α B plays a more important role than α M for µ and Σ. Again, this can be understood looking at the expressions in Table 1 . In particular, by noticing the effect of the effective Planck massM 2 on these functions. The increase of Σ can be linked with the increase of the lensing potential in Fig. 4 and 5.
The growth index
The growth index is defined as γ ≡ ln f / ln Ω m where f = ∆ m /∆ m is the growth rate [see 112]. These quantities (or more precisely γ and f σ 8 ) have a clear ΛCDM expectation and have already been measured from galaxy surveys and redshift space distortions (RSD) experiment [113] . For instance, in ΛCDM one expects a scale-independent f σ 8 and a constant growth index γ = 6/11. With future surveys we will be able to determine with high significance whether these quantities match or depart from their ΛCDM expectation. It is therefore crucial to have clear understanding and predictions of the properties of the growth index and growth rate in modified gravity models and this can be done using expressions deduced in previous sections.
Here, we present the time evolution of the growth index in Horndeski theories. Taking the derivative of the growth rate, the equation describing the time evolution of the growth index is, e.g. [47, 114] 
Since it is not possible to find an analytical solution to this equation, the standard procedure is to linearise it and assume that the early time solution holds also at later time when matter is no longer the dominant component, see [47] for details of the derivation of Eqn. (6.8) and its linearization. (Although [47] focuses on f (R) gravity, the equations for the growth index, Eqs. (22)- (23) in that work apply to Horndeski models provided that is replaced by G eff /G N .) The solution can be found analytically only when G eff /G N is approximately constant, which was the case for f (R) models in [47] but is not generally true for the models we investigate here. Hence, we have to rely on numerical solutions.
We present our results for models 3-6 in Fig. 12 . As in the previous section, we focus on the regime K 2 1. In all cases presented here, for all the different models, the effect of modified gravity decreases the growth index compared to its ΛCDM expectation (solid black lines in the figure). We note this is also the case in f (R) gravity [47] . If the growth index is lower, it means that the growth rate, f = Ω γ m , is larger and therefore matter clustering is amplified. Hence in general one can expect an excess of power on small scales for the matter power spectrum P(k). Nevertheless, one should also take into account another important aspect, namely the amount of time during which γ remains significantly lower than the ΛCDM expectation value, as at early time all the models recover this value.
The E G function
Zhang et al. (2007) [115] introduced the E G parameter as test for modified gravity and dark energy models. This quantity is defined as the ratio of the Laplacian of the Newtonian potentials to the peculiar velocity divergence. In our notation, using Einstein field equations, this quantity can be written as is the growth rate discussed in the previous section. See also [80, 116] for recent updates on the measurability of the E G parameter. Reyes et al. (2010) [117] were the first to measure E G . They used galaxy-velocity crosscorrelation and galaxy-galaxy lensing data from SDSS [118] , and obtained a mean E G = 0.39 ± 0.06 (68%), at z = 0.32 on small scales (K 2 1). In ΛCDM, with Ω m,0 = 0.31, we calculate E ΛCDM G = 0.452 ± 0.029 (68%) at z = 0.32, where we quote the same uncertainty as [117] . The theoretical uncertainty is obtained by taking into account the error on the measure of Ω m,0 and since we do not repeat the analysis of [117] , we assume the same error bars. We note that our central ΛCDM value is substantially larger than the one quoted in [117] . This is because they assumed a lower value for Ω m,0 , namely Ω m,0 = 0.256 ± 0.018 from WMAP 5-year data [119] . With our value of Ω m,0 , consistent with recent measurements [1], the value of E G measured by [117] is ≈ 1σ lower than the current ΛCDM value, although they are comparable within errors.
In Fig. 13 we present the redshift evolution of the E G parameter for Horndeski models 3-6 and the same values of the α x,0 and cosmological parameters of Fig. 12 as used before in this work. We have included the ΛCDM expectation, namely E ΛCDM G = 0.452 ± 0.029 (68%), as the black point at z = 0.32. Moreover, the solid black line shows the time evolution of E G for model 1 (Quintessence/kessence) with only α K 0. For the value considered here (α K,0 = 1), this model is indistinguishable from ΛCDM. In all the panels, we see that at early time (z 1), all the models give similar results as ΛCDM. Differences become important only at the present day, especially for models 3 and 4.
We see that for the models we have considered in our analysis, a measurement of E G with the uncertainty that we used (7% relative uncertainty) would not discriminate between the parameters used for models 5 and 6 and ΛCDM. However, it would exclude models 3 and 4 for α B,0 0.625 Figure 13 . Time evolution for the quantity E G . From top to bottom, we show models 3 to 6, respectively. Line style and colours are as in Fig. 2-5 . The point with errorbars represent the expected value E G = 0.452 ± 0.029 for a ΛCDM model at z = 0.32 with the cosmology assumed in this work. In agreement with the measurements of [117] , for all the models we consider the value of Σ ∞ .
and α M,0 1. It would be interesting to update the measurements of E G with the latest galaxy survey data to check or revise these conclusions, with current and forecasted uncertainties. We also note that this situation (the fact that some models are not discriminated by the E G statistics but are with the CMB temperature anisotropy power spectrum) is similar to what happens for f (R) models, as shown in Fig. 4 (left panel) of [120] . Indeed, when B 0 10, the value of E G for f (R) models is very close to the expectation value of the ΛCDM cosmology.
Conclusions
In this work we studied modifications to General Relativity corresponding to Horndeski theories [18] [19] [20] . Rather than using a scalar field or an Effective Field Theory approach, we have recast the Horndeski modifications as a dark energy fluid for both the background and the linear cosmological perturbations. Thus, we have extended the works of [47, 62, 90] , and applied the EoS approach [58] [59] [60] [61] to the full Horndeski theories for the first time.
We have implemented the EoS approach for Horndeski into a modified version of the CLASS code [42, 43] . Our code, EoS_class, will be made publicly available online upon acceptance of this manuscript. 8 Our code is as fast as hi_class [46] (an independent code for Horndeski theories based on the EFT approach [52] ) for the models we studied. If we account for the different versions of CLASS used in EoS_class and hi_class, we get agreement with the latter within 0.1% relative error. Moreover, unlike hi_class, our code can solve the dynamics of cosmological perturbations in Horndeski models with α K = 0.
For sub-horizon modes, we have obtained an analytical approximation for the attractor solution of the gauge-invariant dark sector density perturbation. Using our analytical result, we derived new expressions for the modified gravity parameters, e.g. µ, η and Σ, that feature a scale dependence. Similar formulae had been obtained in previous works [67, 96, [99] [100] [101] . Although all the formulae for the modified gravity parameters agree in the small scale limit, they all differ in the large scale limit. Therefore, in a forthcoming paper, we will explicitly compare these formulae between them and with the exact numerical solution. The open question is: which one of the scale-dependent formulae for the modified gravity parameters has the widest range of validity when K 2 = k 2 /(aH) 2 1? Having an accurate analytical approximation of the modified gravity parameters is useful because it enables a simple implementation of modified gravity dynamics, which can be observationally tested, as well as a relatively simple phenomenological discussion.
With our exact numerical solutions computed with EoS_class and our analytical approximations of the modified gravity parameters we have studied the phenomenology of Horndeski models at the level of CMB temperature and lensing and matter power spectra as well as the growth index and the E G function of [115] .
A Background expressions for Horndeski models
In this section we present explicit expressions for the background quantities describing Horndeski models.
The density ρ ds and the pressure P ds are, respectively [67, 68] 
B Perturbation coefficients for Horndeski models
The perturbation coefficients, α K , α B , α M and α T in terms of the Horndeski functions G i are Note that evaluating α M as time derivative of M 2 , rather than in terms of the derivatives of G 4 and G 5 with respect to φ and X and α B in terms of the time derivative G 4 is more general since they allow to recover also results for f (R) models.
C Coefficients for the EoS approach
In this section we provide the full expressions for the coefficients used in the EoS formalism. Having shown in [47] that the coefficients for the two gauge-invariant quantities Γ ds and Π s ds lead to the same results for f (R) models, here we generalise these expressions with the help of those provided by [53] in their Appendix C, Eqs. (184)-(195), for generic Horndeski models. As in [47] , we used a standard continuity equation for the dark sector fluid which implies, for the background,
where, as before, K = k aH . Note that these coefficients refer to the dimensionful density and velocity perturbations and for clarity of notation we have used the labels ∆ and Θ also for them. While this does not affect the coefficients for the dark sector variables, for the matter sector the coefficients for the dimensionless quantities differ by a factor Ω m (a)/Ω ds (a) from the expressions above.
The γ i functions are given by: where Ω m = 1 − Ω ds and w m Ω m = 2 H /3 − 1 − w ds Ω ds . For numerical convenience we also definedγ i = α 2 B γ i : 
where γ 12 ≡ γ 1 γ 2 , γ 14 ≡ γ 1 γ 4 , γ 16 ≡ γ 1 γ 6 and γ 109 ≡ γ 10 − γ 9 . The first three are used in the code for models with α B 0.
D Precision parameters for the numerical solutions
In this section we report the precision parameters used in this work. For the comparison with results from the hi_class code, we adopted the same values used in [54] , which we report here for completeness (see also their Appendix C). We note that one can generally get accurate spectra for less demanding values of the precision parameters. 
